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VOLUME ENTROPY ESTIMATE FOR INTEGRAL RICCI CURVATURE
LINA CHEN AND GUOFANG WEI
Abstract. We give an estimate for the volume entropy in terms of integral Ricci curvature which substan-
tially improves an earlier estimate in [2] and give an application on the algebraic entropy of its fundamental
group. We also extend the quantitive almost maximal volume entropy rigidity of [11] and almost minimal
volume rigidity of [3] to integral Ricci curvature.
1. Introduction
Volume entropy is a fundamental geometric invariant. It is related to the topological entropy, minimal
volume, simplicial volume, bottom spectrum of the Laplacian of the universal cover, among others. For a
compact Riemannian n-manifold (M, g), the volume entropy is
h(M, g) = lim
R→∞
ln vol(BR(x˜))
R
,
where BR(x˜) is a ball in M˜ , the universal cover ofM . SinceM is compact, the limit exists and is independent
of the base point x˜ ∈ M˜ [18]. Thus the volume entropy measures the exponential growth rate of the volume
of balls in the universal cover.
When RicM ≥ (n− 1)H , Bishop volume comparison gives the upper bound
(1.1) h(M, g)
{
= 0, H ≥ 0;
≤ (n− 1)√−H, H < 0.
In this paper we first extend this estimate to manifolds with integral Ricci curvature lower bounds.
For each x ∈ M let ρ (x) denote the smallest eigenvalue for the Ricci tensor Ric : TxM → TxM . For a
constant H , let ρH = max{−ρ(x) + (n− 1)H, 0}, the amount of Ricci curvature lying below (n− 1)H . Let
k¯(H, p) =
(
1
vol(M)
∫
M
ρ
p
Hdv
) 1
p
=
(
−
∫
M
ρ
p
Hdv
) 1
p
,
k¯(H, p,R) = sup
x∈M
(
−
∫
BR(x)
ρ
p
Hdv
) 1
p
.
Then k¯(H, p) measures the amount of Ricci curvature lying below a given bound, in this case, (n − 1)H , in
the Lp sense. Clearly k¯(H, p) = 0 iff RicM ≥ (n− 1)H . The Laplace and volume comparison, the basic tools
for manifolds with pointwise Ricci curvature lower bound, have been extended to integral Ricci curvature
bound [21], see Theorem 2.1.
When H > 0 and k¯(H, p) (p > n2 ) is small Aubry [1] showed that the diameter of M is bounded and its
fundamental group is finite, hence h(M) = 0. Here we obtain a clean generalization of (3.8) for H ≤ 0.
Theorem 1.1. Give n, p > n2 , d > 0, H ≤ 0, there exists δ0 = δ(n, p,H, d) > 0, c(n, p, d,H) > 0, such that
for each δ ≤ δ0, if a compact Riemannian n-manifold M satisfies k¯(H, p) ≤ δ, diam(M) ≤ d, then the volume
entropy of M satisfies that
(1.2) h(M) ≤ (n− 1)
√
−H + c(n, p, d,H)δ 12 .
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Under the same assumption Aubry [2] showed that
h(M) ≤ c(n, p)e (n−1)
√
−Hd
p (δ − (n− 1)H) 12 ,
where c(n, p) = 2
1
2p (n − 1) p−12p
(
4p(p−1)
(2p−1)(2p−n)
) p−1
2p
3
n+1
2p .Thus one only obtains h(M) ≤ (n − 1)√−H when
δ → 0 and p → ∞. From (1.2) we have h(M) ≤ (n − 1)√−H when δ → 0 for each p > n2 . Therefore
our estimate improves the estimate in [2]. In fact it is optimal. Paeng [20] had a rough estimate of volume
entropy under strong extra assumption.
Theorem 1.1 also has application to the algebraic entropy of the fundamental group of M . Recall for a
finitely generated group G with generating set S satisfying γ ∈ S if and only if γ−1 ∈ S, the algebraic entropy
of G with respect to the generating set S is given by
h(G,S) = lim
R→∞
ln |G(R,S)|
R
.
where |G(R,S)| = #{γ ∈ G, |γ|S ≤ R} and |γ|S = inf{t, γi1 · · · γit = γ, γij ∈ S, j = 1, · · · , t}. The algebraic
entropy of G is
h(G) = inf
S
h(G,S).
For a compact manifoldM one can choose a generating set S0 of π1(M) such that d(γx˜, x˜) ≤ 2 diam(M)+1
for all γ ∈ S0. With this generating set, algebraic entropy of π1(M) and the volume entropy of M have the
following relation
(1.3) h(M) ≤ h(π1(M), S0) ≤ (2 diam(M) + 1)h(M).
This is essentially in [23], cf. [19], see [12, Lemma 1.2] for a proof.
We call a compact n-manifold M almost non-negative in the integral sense if there is a sequence of metric
gi on M , such that k¯gi(0, p) diam
2(M, gi)→ 0 as i→∞. Using Theorem 1.1 and (1.3), we have
Corollary 1.2. If a compact n-manifold M is almost non-negative in integral sense, then the algebraic
entropy of π1(M), h(π1(M)) = 0.
In fact by [6, Corollary 11.17] and the relative volume comparison for integral Ricci curvature [21], we
know that the fundamental groups of manifolds with almost non-negative in the integral sense are virtually
nilpotent.
By Gromov’s relation between simplicial volume and minimal volume entropy, Theorem 1.1 also gives an
upper bound on the simplicial volume which improves the estimate in [2].
For H < 0 the entropy estimate in (3.8) also has a rigidity result. Namely Ledrappier-Wang [16] showed
that if a compact manifold M has RicM ≥ −(n−1) and h(M, g) = n−1, then M is isometric to a hyperbolic
manifold. This is referred the maximal volume entropy rigidity. G. Liu [17] gives a simpler proof. This has
very recently been generalized to RCD(−(N−1), N) spaces in a joint work of the last author with C. Connell,
X. Dai, J. Nu´n˜ez-Zimbro´n, R. Perales, P. Sua´rez-Serrato [10]. The first author joint with X. Rong and S.
Xu [11] give a quantitive version of this rigidity. Namely for a compact n-manifold M with Ric ≥ −(n− 1),
if h(M) is sufficient close to n − 1, then M is diffeomorphic and Gromov-Hausdorff close to a hyperbolic
manifold. Here we show that when M is non-collapsing, then the same result holds when M has Ricci
curvature lower bound −(n− 1) in integral sense.
Theorem 1.3. Given n, d, v > 0, p > n2 , there exist δ(n, d, v, p), ǫ(n, d, v, p) > 0, such that for 0 < δ <
δ(n, d, v, p), 0 < ǫ < ǫ(n, d, v, p), if a compact n-manifold M satisfies
diam(M) ≤ d, k¯(−1, p) ≤ δ, h(M) ≥ n− 1− ǫ, vol(M) > v,
then M is diffeomorphic to a hyperbolic manifold by a Ψ(δ, ǫ|n, p, d, v)-isometry, where ψ(δ|n, p, d, v) is a
constant depends on δ, n, p, d, v such that ψ(δ|n, p, d, v)→ 0 as δ → 0 and n, p, d, v fixed.
In another direction, Besson, Courtois and Gallot [4] had proved the beautiful minimal volume entropy
rigidity. In particular, if a compact n-manifold M has RicM ≥ −(n− 1) and there is a degree one continuous
map from M to a hyperbolic manifold Y , then vol(M) ≥ vol(Y ) and equality holds iff M is isometric to Y
(see Theorem 4.5). A quantive version is given in [3]. Using Theorem 1.1, and following the argument in [3]
we also extend their result to integral curvature bound.
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Theorem 1.4. Given n ≥ 3, p > n2 , d > 0, there exists ǫ(n, p, d) > 0, δ(n, p, d) > 0, such that for a compact
hyperbolic n-manifold Y with diam(Y ) ≤ d, and for ǫ < ǫ(n, p, d), δ < δ(n, p, d), if a compact n-manifold M
satisfies that there is a degree one continuous map f :M → Y and
k¯(−1, p) ≤ δ, vol(M) ≤ (1 + ǫ) vol(Y ),
then M is diffeomorphic to Y by a Ψ(ǫ, δ|n, p, d)-isometry.
Although the volume entropy estimate follows quickly from the volume comparision when Ricci curvature
has pointwise lower bound, and volume comparison estimate is already done in [21] for integral Ricci curvature,
the estimate is not effective when the radius of ball goes to infinity. To prove Theorem 1.1, we obtain the
following relative volume comparison for volume of large geodesic sphere which has independent interest.
Here it is crucial that (1.4) holds for all L big and the constant in the error is indepedent of L.
Theorem 1.5 (Relative volume comparison for large annulus). Given n, p > n2 , H ≤ 0, R > 1, there exists
δ0 = δ(n, p,H,R) > 0, such that for a complete n-manifold M , x ∈ M , δ ≤ δ0, if k¯(H, p, 1) ≤ δ, then for
L > 50R,
(1.4)
vol(∂BL+R(x))
vol(∂BL(x))
≤ vol(∂B
H
L+R)
vol(∂BHL )
(
1 + c(n, p,H,R)δ
1
2
)
.
The paper is organized as follows. In Section 2, we review the work of Petersen-Wei [21, 22] and Aubry [2]
on integral Ricci curvature, including Laplacian and volume comparison, volume doubling and the relation
of integral curvature bounds between compact manifolds and its covering spaces. In Section 3, we prove
Theorem 1.5, a relative volume comparison for geodesic sphere, which holds near infinity, and some absolute
volume upper bounds for balls and geodesic spheres. Using these we prove one of our main results Theorem
1.1. In Section 4, we prove Theorem 1.3, 1.4 using Theorem 1.5, 1.1 and other tools for non-collapsed
manifolds with integral Ricci curvature bounds.
2. Preliminaries
Here we review earlier work of Petersen-Wei [21, 22] and Aubry [2] on integral Ricci curvature which we
will use.
For a manifold with Ricci curvature bounded from below, the basic property is the Laplacian and relative
volume comparison. Namely if RicM ≥ (n − 1)H , then ∆r ≤ ∆Hr, where r is the distance function from
a point. Let ψ = max{∆r − ∆Hr, 0}. Then RicM ≥ (n − 1)H implies ψ ≡ 0. In [21] Petersen-Wei
generalized this result by obtaining an estimate for ψ without any curvature assumption, and thus also gave
a generalization of the volume comparison. For simplicity we will assume H ≤ 0.
Theorem 2.1. Give n, p > n2 , H, r2 > r1 ≥ 0, for a complete n-manifold M , fix x ∈ M , write the volume
element d vol = A(t, θ)dtdθ in term of polar coordinate at x. Then the following holds:
(i) Laplacian comparison estimates [21, Lemma 2.2]:∫ r2
r1
(ψ)
2p
A(t, θ)dt ≤
(
(n− 1)(2p− 1)
2p− n
)p ∫ r2
r1
ρ
p
H A(t, θ)dt.(2.1)
(ii) Relative volume comparison: [21, Lemma 2.1, Lemma 2.3]
(2.2)
d
dr
vol(Br(x))
vol(BHr )
≤ c(n,H, r)
(
vol(Br(x))
vol(BHr )
)1− 12p (∫
Br(x)
ψ2p
) 1
2p (
vol(BHr )
)− 12p ,
where
c(n,H, r) = max
t∈[0,r]
tAH(t)∫ t
0 AH(s)ds
, c(n,H, 0) = n,
c(n, 0, r) = n.
For 0 < r < R,
(2.3)
(
vol(BR(x))
vol(BHR )
) 1
2p
−
(
vol(Br(x))
vol(BHr )
) 1
2p
≤ C(n, p,H,R)
(∫
BR(x)
ρ
p
H
) 1
2p
.
Estimate (2.3) gives volume doubling when the part of Ricci curvature below (n− 1)H is small in Lp.
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Lemma 2.2. [22, Theorem 2.1] Given n, p > n2 , H ≤ 0, 0 < α < 1 and R > 0, there exists δ =
δ(n, p,H,R, α) > 0 such that if a complete n-manifold M satisfies k¯(H, p,R) ≤ δ, then for r1 < r2 ≤ R,
(2.4) α
vol(BHr1)
vol(BHr2)
≤ vol(Br1(x))
vol(Br2(x))
.
Using (2.4) and a packing argument it was shown in [22, Page 461] that the smallness of k¯(p,H, r) for
small r can be used to control k¯(H, p, r) for big r. Namely
(2.5) k¯(H, p, r) ≤ c(n,H, r0) k¯(H, p, r0)
for all r ≥ r0 when k¯(H, p, r0) ≤ δ(n, p,H, r0, 12 ), for the δ in Lemma 2.2. Here we obtain a similar estimate
for annulus.
Lemma 2.3. Given n, p > n2 , r0 > 0, H ≤ 0, there exists δ = δ(n, p,H, r0) > 0, c(n,H, r0) > 0, such that
for a complete n-manifold M , if k¯(H, p, r0) ≤ δ, then for any r2 − 5r0 > r1 > 5r0,
(2.6)
(
sup
x∈M
−
∫
Ar1,r2 (x)
ρ
p
H
) 1
p
≤ c(n,H, r0) k¯(H, p, r0).
Proof. Let {B r0
2
(xi)} be a maximal family of disjoint balls with xi ∈ Ar1,r2(x). Then the balls {Br0(xi)}
cover Ar1,r2(x). We have that
−
∫
Ar1,r2(x)
ρ
p
H ≤
1
vol(Ar1,r2(x))
∑∫
Br0 (xi)
ρ
p
H
=
∑ vol(Br0(xi))
vol(Ar1,r2(x))
−
∫
Br0(xi)
ρ
p
H
=
∑ vol(B r0
2
(xi))
vol(Ar1,r2(x))
vol(Br0(xi))
vol(B r0
2
(xi))
−
∫
Br0(xi)
ρ
p
H
≤ (k¯(H, p, r0))pmax vol(Br0(xi))
vol(B r0
2
(xi))
.
Thus if k¯(H, p, r0) ≤ δ sufficiently small, we derive the result by Lemma 2.2. 
While any pointwise curvature bounds lift to covering spaces directly, integral curvature bound is not as
clear. Aubry [2] derived the following relation between integral of function on the base manifold and the
integral of its lift to the covering spaces.
Theorem 2.4. [2, Lemma 1.0.1] Given n, p > n2 , H ≤ 0, d > 0, there is δ = δ(n, p, d,H) > 0, c(n,H, d) > 0
such that if a compact n-manifold M satisfies that
k¯(H, p) ≤ δ, diam(M) ≤ d,
then for any non-negative function f on M , for any normal cover π¯ : M¯ →M , for any x¯ ∈ M¯ and R ≥ 3d,
we have that
1
3n+1e2(n−1)
√
|H|d
−
∫
M
f ≤ −
∫
BR(x¯)
f ◦ π¯ ≤ 3n+1e2(n−1)
√
|H|d −
∫
M
f.
In particular, if M˜ is the universal cover of M , then for any x˜ ∈ M˜ , any R ≥ 3d,
(2.7)
(
−
∫
BR(x˜)
ρ
p
H
) 1
p
≤ c(n,H, d) k¯(H, p).
To prove Theorem 1.3 and 1.4, we need the following precompactness results of Petersen-Wei and Aubry
for manifolds with integral curvature bounds.
Theorem 2.5. [21, Corollary 1.3] [2, Theorem 6.0.15] For n ≥ 2, p > n2 , H, there exists c(n, p,H) such
that if a sequence of compact n-manifold (Mi, gi) satisfies that diam(Mi)
2k¯i(H, p) ≤ c(p, n,H), then for any
normal Riemannian cover πi : M¯i → Mi and any x¯i ∈ M¯i, the sequence (M¯i, x¯i) admits a subsequence that
converges in the pointed Gromov-Hausdorff topology.
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3. Proof of Theorem 1.1
In order to prove Theorem 1.1 we need a few new volume estimates for integral Ricci curvature which we
prove below.
Proof of Theorem 1.5. Since d
dt
A(t, θ) = (∆r)A(t, θ) and d
dt
AH(t) = (∆Hr)AH(t),
d
dt
(
A(t, θ)
AH(t)
)
= (∆r −∆Hr) ·
A(t, θ)
AH(t)
≤ ψ · A(t, θ)
AH(t)
.
Hence
d
dt
(
vol(∂Bt(x))
vol(∂BHt )
)
=
1
volSn−1
∫
Sn−1
d
dt
(
A(t, θ)
AH(t)
)
dθn−1
≤ 1
vol(∂BHt )
∫
Sn−1
ψA(t, θ)dθn−1.(3.1)
Integrate from t to r and cross multiply gives
vol(∂BHt ) vol(∂Br(x)) ≤ vol(∂BHr ) vol(∂Bt(x)) + vol(∂BHr )
∫ r
t
∫
Sn−1
ψA
≤ vol(∂BHr ) vol(∂Bt(x)) + vol(∂BHr ) (vol(At,r(x)))1−
1
2p
(∫ r
t
∫
Sn−1
ψ2pA
) 1
2p
≤ vol(∂BHr )

vol(∂Bt(x)) + c(p, n)(vol(At,r(x)))1− 12p
(∫
At,r(x)
ρ
p
H
) 1
2p

 .(3.2)
Here we used Ho¨lder’s inequality in the second inequality and (2.1) for the third inequality, and c(p, n) =(
(n−1)(2p−1)
(2p−n)
)p
.
Let r = L+R, t = L in (3.2) and divide, we get
(3.3)
vol(∂BL+R(x))
vol(∂BL(x))
≤ vol(∂B
H
L+R)
vol(∂BHL )

1 + c(p, n)vol(AL,L+R(x))
vol(∂BL(x))
(
−
∫
AL,L+R(x)
ρ
p
H
) 1
2p

 .
To control
vol(AL,L+R(x))
vol(∂BL(x))
we integrate (3.2) from L to L+ R with respect to r and let t = L, getting
vol(∂BHL )(vol(AL,L+R(x)))
≤vol(AHL,L+R)

vol(∂BL(x)) + vol(AL,L+R(x))c(p, n)
(
−
∫
AL,L+R(x)
ρ
p
H
) 1
2p

 ,
which implies
(3.4)
vol(∂BHL )
vol(AHL,L+R)
≤ vol(∂BL(x))
vol(AL,L+R(x))
+ c(p, n)
(
−
∫
AL,L+R(x)
ρ
p
H
) 1
2p
.
Let fH(L) =
vol(AHL,L+R)
vol(∂BH
L
)
. Since
f ′H(L) =
−(n− 1)√−H ∫ L+R
L
snn−2H r snH(r − L)dr
snnH L
< 0,
we have
fH(L) ≤ c(n,H,R) = fH(50R)
for all L ∈ [50R,∞], where snH r =
{
r, H = 0;
sinh
√−Hr√−H , H < 0.
Combine this with (2.6) by taking δ small enough,
(3.4) gives
vol(AL,L+R(x))
vol(∂BL(x))
≤ 2c(n,H,R).
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Plug this into (3.3) and use (2.6) again gives
vol(∂BL+R(x))
vol(∂BL(x))
≤ vol(∂B
H
L+R)
vol(∂BHL )
(
1 + c(n, p,H,R)δ
1
2
)
,
where c(n, p,H,R) = 2c(n, p)
vol(BH1 )
vol(BH1
2
)
fH(50R). 
Although (2.3) gives an absolute upper bound on the volume of BR(x) in terms of
∫
BR(x)
ρ
p
H quickly by
setting r = 0, we need an upper bound in terms of the normalized Lp curvature k¯(H, p, 1). Below we give
such an estimate when k¯(H, p, 1) is small, also for the volume of geodesic sphere.
Lemma 3.1. Given n, p > n2 , H, there exists δ = δ(n, p,H) > 0, such that for a complete n-manifold M , if
k¯(H, p, 1) ≤ δ, then for each L ≥ 1, x ∈M there exist c(n, p,H, L) > 0 such that
(3.5) vol(BL(x)) ≤ 2ec(n,p,H,L)δ
1
2 vol(BHL ),
and for r ≤ L,
(3.6) vol(∂Br(x)) ≤ (1 + c(n, p,H, L))vol(∂BHr ).
Essentially the first estimate (3.5) is contained in [2, Corollary 6.0.10] and the second (3.6) in [13, Lemma
3.2]. For completeness we give a streamlined proof here.
Proof. By (2.2), we have that
d
dr
ln
vol(Br(x))
vol(BHr )
≤ c(n,H, r)
(
−
∫
Br(x)
ψ2p
) 1
2p
,
where c(n,H, r) is the same as in (2.2). Then for L ≥ 1, by integration the above inequation between 1 to
L, by (2.1), we get
(3.7) vol(BL(x)) ≤ vol(B1(x))
vol(BH1 )
e
∫
L
1
c(n,H,r)c(n,p)(k¯(p,H,r))
1
2
vol(BHL ).
Let δ0 be as in Lemma 2.2 where R = 1, α =
1
2 , then for r ≤ 1, we have that
vol(B1(x))
vol(BH1 )
≤ 2vol(Br(x))
vol(BHr )
.
In particular, that r = 0 gives
vol(B1(x))
vol(BH1 )
≤ 2.
Combining with (2.5), (3.5) is derived from (3.7).
For (3.6), by (3.1)
d
dt
(
vol(∂Bt(x))
vol(∂BHt )
)
≤ 1
vol(∂BHt )
∫
Sn−1
ψA(t, θ)dθ
≤ 1
vol(∂BHt )
(∫
Sn−1
ψ2pA(t, θ)
) 1
2p
(vol(∂Bt(x)))
1− 12p ,
we have that
d
dt
(
vol(∂Bt(x))
vol(∂BHt )
) 1
2p
≤ 1
2p
(
1
vol(∂BHt )
∫
Sn−1
ψ2pA(t, θ)
) 1
2p
.
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For r1 < r2 ≤ L, integral the above inequation from r1 to r2, then(
vol(∂Br2(x))
vol(∂BHr2)
) 1
2p
−
(
vol(∂Br1(x))
vol(∂BHr1)
) 1
2p
≤ 1
2p
∫ r2
r1
(
1
vol(∂BHt )
) 1
2p
(∫
Sn−1
ψ2pA(t, θ)
) 1
2p
dt
≤ 1
2p
(∫ r2
0
∫
Sn−1
ψ2pA(t, θ)
) 1
2p
(∫ r2
0
(
1
vol(∂BHt )
) 1
2p−1
) 2p−1
2p
≤c(n, p,H, L)
(
−
∫
BL(x)
ψ2p
) 1
2p
(vol(BL(x)))
1
2p .
Here the integral
∫ r2
0
(
1
vol(∂BH
t
)
) 1
2p−1
dt converges at 0 since p > 2n. Let r1 = 0 in the above inequality and
use (2.5), (3.5), we have
vol(∂Br2(x)) ≤
(
1 + c(n, p,H, L)ec(n,p,H,L)δ
1
2
δ
1
2 vol(BHL )
1
2p
)2p
vol(∂BHr2).

Now we are ready to prove Theorem 1.1. The argument is motivated from [17, 11].
Proof of Theorem 1.1. By the definition of volume entropy
h(M) = lim
r→∞
ln vol(Br(x˜))
r
= lim
r→∞
ln
∫ r
0
vol(∂Bu(x˜))du
r
.
We will control vol(∂Br(x˜)) for all r large using Theorem 1.5.
Fixed R = 50d. For H ≤ 0, since
lim
L→∞
vol(∂BHL+R)
vol(∂BHL )
= e(n−1)
√−HR,
for each ǫ > 0, there is L(ǫ) > 50R, such that for L ≥ L(ǫ),
vol(∂BHL+R)
vol(∂BHL )
≤ (1 + ǫ)e(n−1)
√−HR.
Let c(n, p,H, d) = c(n, p)
vol(BH4d)
vol(BH2d)
fH(2500d)e
2(n−1)√−Hd where c(p, n) = 2
(
(n−1)(2p−1)
(2p−n)
)p
and fH(r) =
vol(AHr,r+50d)
vol(∂BHr )
as in the proof of Theorem 1.5. By Theorem 1.5 and (2.7), if k¯(H, p)
1
2 ≤ 1
c(n,p,H,d) , for L ≥ L(ǫ),
vol(∂BL+R(x˜))
vol(∂BL(x˜))
≤ vol(∂B
H
L+R)
vol(∂BHL )
(
1 + c(n, p,H, d)δ
1
2
)
≤ (1 + ǫ)
(
1 + c(n, p,H, d)δ
1
2
)
e(n−1)
√−HR.
Then for r > L(ǫ), by iterating the above inequality ⌊ r−L(ǫ)
R
⌋ times, we have
vol(∂Br(x˜)) ≤
(
(1 + ǫ)
(
1 + cδ
1
2
)
e(n−1)
√−HR
) r−L(ǫ)
R
vol(∂BL(ǫ)+r1(x˜)),
where r1 = r − L(ǫ)− ⌊ r−L(ǫ)R ⌋R ∈ [0, R). By Lemma 3.1,
vol(BL(ǫ)(x˜)) ≤ c(n,H, d, L(ǫ)),
vol(∂BL(ǫ)+r1(x˜))) ≤ c(n, p,H, d, L(ǫ) +R).
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Thus
h(M) = lim
r→∞
ln
∫ r
0
vol(∂Bu(x˜))du
r
≤ lim
r→∞
1
r
ln
(∫ r
L(ǫ)
c(n, p,H, d, L(ǫ) +R)
(
(1 + ǫ)
(
1 + cδ
1
2
)
eR((n−1)
√−H)
)u−L(ǫ)
R
du+ vol(BL(ǫ)(x˜))
)
=(n− 1)
√
−H +
ln
(
(1 + ǫ)(1 + cδ
1
2 )
)
50d
.
Now by the arbitrariness of ǫ, we have that
(3.8) h(M) ≤ (n− 1)
√
−H +
ln
(
1 + c(n, p,H, d)δ
1
2
)
50d
≤ (n− 1)
√
−H + c(n, p,H, d)
50d
δ
1
2 ,
where c(n, p,H, d) is as above. 
4. Proof of Theorem 1.3 and 1.4
The proof of Theorem 1.3 is similar as Theorem D in [11]. Consider a sequence of compact n-manifolds,
Mi, such that
k¯Mi(H, p) ≤ δi → 0, diam(Mi) ≤ d, vol(Mi) ≥ v, h(Mi) ≥ n− 1− ǫi → n− 1.
By Theorem 2.5, we have converging subsequence for Mi and its universal cover M˜i. Let (X˜, x˜, G) be the
pointed equivariant Gromov-Hausdorff limit of (M˜i, x˜i,Γi), where Γi = π1(Mi, xi) and (X, x) the Gromov-
Hausdorff limit of (Mi, xi). Then we have the following commutative diagram:
(4.1)
(M˜i, x˜i,Γi)
GH−−→ (X˜, x˜, G)
↓πi ↓π
(Mi, xi)
GH−−→ (X, x)
Then by Corollary 1.4 in [22], to prove Theorem 1.3, we only need to show that X is a hyperbolic n-
manifold. And we can derive this result as in [11] by showing the following theorems: Theorem 4.1 and
Theorem 4.4.
Theorem 4.1. Let X˜ be as in (4.1). Then X˜
Isom∼= Hn.
Compared with Theorem 1.4 in [11], firstly the following almost warped product structure holds in integral
Ricci curvature lower bound:
Theorem 4.2. Given n, p > n2 , H ≤ 0, v > 0, L ≫ R ≥ r > 1, there exists c = c(n,H,R, p, r, v) > 0, δ0 =
δ(n, p,H,R, v) > 0, such that if a complete n-manifold M satisfies that for each q ∈ M , fixed x ∈ M and
δ < δ0,
k¯(H, p, 1) ≤ δ, vol(B1(q)) ≥ v > 0, vol(∂BL−2R(x))
vol(∂BHL−2R)
≤ (1 + ǫ)vol(∂BL+2R(x))
vol(∂BHL+2R)
,
then there are disjoint r-balls, Br(qi) ⊂ AL−R,L+R(x), for each Br(qi),
dGH(Br(qi), Br((0, yi))) ≤ ψ(δ, ǫ, L−1|n,H, p,R, r, v),
where Br((0, yi)) ∈ R×e√−Hr Yi for some length space Yi, and
vol(
⋃
iBr(qi))
vol(AL−R,L+R(x))
≥ c.
And for the Gromov-Hausdroff limit space X of a sequence of complete n-manifolds Mi with
(4.2) k¯Mi(H, p, 1) ≤ δi → 0, vol(B1(qi)) ≥ v > 0, ∀qi ∈Mi,
as Theorem 2.1 in [8], we have
Theorem 4.3. The regular set of X is dense, where x ∈ X is called regular if its tangent cones are isometric
to Rn.
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By assuming Theorem 4.2 and Theorem 4.3, Theorem 4.1 can be derived by the same argument as Lemma
4.4 in [11]. Note that in [11], they have to take care of the collapsing case of M˜i. Here with integral Ricci
curvature bound, the segment inequality [24] can not be applied effectively as in Cheeger-Colding Theory in
collapsing case, thus we should assume M˜i are non-collapsing.
Now, consider the limit group G in (4.1). Since the volume convergence ([22], Theorem 1.3) and almost
metric cone ([24], Theorem 2.32) holds in integral Ricci curvature lower bound, as the proof of Theorem 2.1
in [11], we have
Theorem 4.4. Let G be as in (4.1). Then G acts freely on X˜.
Last, let us point out that the proof of Theorem 4.2 is the same as Theorem 1.4 in [11] by using Theorem 2.1
and maximal principle, gradient estimate, cut-off function in [22, 14] and segment inequality in [24] and
Theorem 1.5, more precisely, the relative volume comparison in following form with the same assumption in
Theorem 1.5:
vol(∂BHL )
vol(AHL,L+R)
≤ vol(∂BL(x))
vol(AL,L+R(x))
+ c(n, p,H)δ
1
2 ,
vol(∂BL+R(x))
vol(AL,L+R(x))
≤ vol(∂B
H
L+R)
vol(AHL,L+R)
(
1 +Rc(n, p,H)δ
1
2
)
,
and for S = {z ∈ AL,L+R(x), there is y ∈ ∂BL+R(x), such that d(x, z) + d(z, y) = d(x, y)},
vol(S)
vol(∂BL+R(x))
≥ vol(A
H
L,L+R)
vol(∂BHL+R)
− c(n, p,H,R)δ 12 .
For two compact n-manifolds M1,M2, we say M1 dominates M2 if there is a degree one continuous map
f : M1 → M2. Now consider a sequence of n-manifolds Mi that dominates Yi, a sequence of compact
hyperbolic manifolds, and satisfies
(4.3) k¯Mi(−1, p) ≤ δi → 0,
vol(Mi)
vol(Yi)
≤ 1 + ǫi → 1, diam(Yi) ≤ d
and Mi
GH→ X . By Heintze-Margulis theorem (see e.g. [5]), there is v(n) > 0, such that vol(Yi) ≥ v(n).
Hence by Cheeger’s finiteness theorem, we may assume Yi = Y . Then by Corollary 1.4 in [22], to prove
Theorem 1.4, we will show that X is isometric to the hyperbolic manifold Y .
First recall Besson, Courtois and Gallot’s minimal volume entropy estimate [4]:
Theorem 4.5. [4, Page 734] Let Y be a compact hyperbolic n-manifold. For a compact n-manifold M , if
there is a continuous map f :M → Y with degree k, then
hn(M) vol(M) ≥ k(n− 1)n vol(Y ).
By Theorem 1.1, without loss of generality, we would choose δi < δi(n, p, diam(Mi)) small enough, such
that
(4.4) h(Mi) ≤ n− 1 + δ
1
4
i .
Then Theorem 4.5 gives that for Mi in (4.3), i large,
(4.5) vol(Mi) ≥
(
n− 1
n− 1 + δ
1
4
i
)n
vol(Y ) ≥ v′(n) > 0.
Recall that in [15], Gromov gave that
Theorem 4.6. [15] (i) For two compact manifolds M,M ′, let f : M → M ′ be a proper map of degree k.
Then ‖M‖ ≥ k‖M ′‖, where ‖M‖ is the simplicial volume of M (cf. [15, Page 216]).
(ii) [15, Thurston’s theorem, Page 218] Let M be a complete n-manifold of finite volume, vol(M) <∞. If
the sectional curvature of M , −∞ < −k ≤ SecM ≤ −1, then vol(M) ≤ c(n)‖M‖.
(iii) [15, Isolation theorem, Page 222] Given n, there exists ǫ(n) > 0, such that if a complete n-manifold
M satisfying that for all x ∈M ,
RicM ≥ −(n− 1), vol(B1(x)) ≤ ǫ(n),
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then ‖M‖ = 0.
Remark 4.1. When M is compact, in the proof of Theorem 4.6 (iii), the property of locally relative vol-
ume comparison (or the doubling property) is the only place where RicM ≥ −(n − 1) is applied. Thus, by
Theorem 2.1, the same results hold under k¯(−1, p) small, depending on n, p and diameter of M .
By Theorem 4.6, Remark 4.1 and (4.5), there is xi ∈Mi such that for i large,
(4.6) vol(B1(xi)) ≥ v(n) > 0.
And by Theorem 2.1 (see the proof of [22, Theorem 2.1]), we can chose δi ≤ c(n, p, diam(Mi)) small, such
that for i large, x ∈Mi and 0 ≤ r1 < r2,
(4.7) (1 − δ
1
4
i )
vol(B−1r1 )
vol(B−1r2 )
≤ vol(Br1(x))
vol(Br2(x))
.
And since for any Br(x) ⊂Mi, B1(xi) ⊂ B1+d(xi,x)+r(y),
(4.8) vol(Br(x)) ≥ (1 − δ
1
4
i )
vol(B−1r )
vol(B−11+d(xi,x)+r)
v(n) > 0.
As in [4], for 0 < ci < τi → 0, there are C1-maps: Fci :Mi → Y , with
|Jac(Fci)| ≤
(
h(Mi) + ci
n− 1
)n
.
And by the same argument as [3, Lemma 3.13] using vol(Mi) ≤ (1 + ǫi) vol(Y ) and (4.8), one can show that
Lemma 4.7 (Almost 1-Lipschitz). Given n, p > n2 , for fixed R > 0, there exists i0 = i(n, p,R), such that for
Mi as in (4.3) and Fci as above, we have that for i ≥ i0 and xi1, xi2 ∈ BR(xi) ⊂Mi,
d(Fci(xi1), Fci(xi2)) ≤ (1 + Ψ(δi, ǫi, ci|n, p,R))d(xi1, xi2) + Ψ(δi, ǫi, ci|n, p,R).
In the proof of Lemma 4.7, see Lemma 3.13 in [3], they used the segment inequality [7, Theorem 2.11].
Here we use the segment inequality [24, Proposition 2.29] and the fact that |dxiFci |C0 ≤ c(n) ([3, Lemma
3.12]).
Let ψi : X → Mi be a σi-Gromov-Hausdorff approximatons, σi → 0 and let Fi = Fci ◦ ψi : X → Y . By
passing to a subsequence, Fi → F : X → Y . And then Theorem 1.4 is derived if F is a isometry:
Theorem 4.8. The map F : X → Y above is an isometry.
By Theorem 4.8, we know diam(Mi) ≤ 2d, for i large. Thus, δi depends on d.
To prove Theorem 4.8, we need the following results for the Gromov-Hausdorff limit space X in (4.2).
With [24, Theorem 2.33] and [22, page 473], Theorem 2.3, [22, Theorem 1.3], the proof is the same as in
[8, 9].
Theorem 4.9. (4.10.1) Let Rτ be the set of points x ∈ X such that there is r0 > 0, for s ≤ r0, dGH(Bs(x), B0s) ≤
τs. Then the interior set of Rτ , R˚τ , is open and connected and has a natural smooth manifold structure whose
metric is bi-ho¨lder to a smooth Riemannian metric.
(4.10.2) The n− 2 Hausdorff measure Hausn−2(S) = 0.
(4.10.3) For xi ∈Mi, xi → x ∈ X, r > 0, limi→∞ vol(Br(xi)) = Hausn(vol(Br(x))).
Then a similarly argument as in [3] by using (4.7) and Theorem 4.9 gives Theorem 4.8.
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